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Abstract 



Given two stochastic equations with different drift terms, under very 
weak assumptions Liptser and Shiryaev provide the equivalence of the 
laws of the solutions to these equations by means of Girsanov transform. 
P^ ' Their assumptions involve both the drift terms. We are interested in the 

(-H ^ same result but with the main assumption involving only the difference of 

the drift terms. Applications of our result will be presented in the finite 
as well as in the infinite dimensional setting. 
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^ : 1 Introduction 



Let us consider the Ito equation 

dX{t) = b{t,X{t)) dt + a{t,X{t)) dW{t), X{0) = x. (1.1) 

If we know that there exists a solution, we ask about uniqueness and character- 
ization of its law. We can look at equation (|l.ip as a modification of equation 

dZ{t) = a{t,Z{t)) dt + a{t,Z{t)) dW{t), Z{0) = x. (1.2) 



by a change of the drift term. Equation (|1.2|) is a "good" reference equation, 
for which existence and uniqueness hold true. Since these two equations differ 
only in the drift terms, a classical tool to study equation (|l.ip is the Girsanov 
transform. 

In llj. Chapter 7 is devoted to this problem, where Liptser and Shiryaev 
investigate the relation between the laws of processes solving equations (jl.ip 
and p.2p . In this paper, we address the same problem. 

As far as the results are concerned, first in dimension one we prove results 
similar to |11] but with different assumptions; in fact, our hypotheses involve the 
difference b — a whereas in |11| involve separately a and b. Then, we consider 
the case of dimension bigger than one. Our analysis includes the uniqueness 



problem, not tackled in [TT]. Moreover we extend these results to the infinite 
dimensional setting, whereas [TT] deals only with the finite dimensional case. 
Here, when we say finite dimensional we mean that the state space is finite di- 
mensional, i.e. the unknown X is a vector process with a finite number (d < oo) 
of components; this models stochastic differential equations on the state space 
W^. However, the infinite dimensional setting is related to abstract models of 
stochastic partial differential equations (see, e.g., the book by Da Prato and 
Zabczyk |3j). Actually, the infinite dimensional setting is one of the main mo- 
tivations of our study, as it will be explained in Section [3] 

As far as the techniques are concerned, in some parts our proofs are shorter 
than in [TT] , in the sense that even with the same assumption of [TT] we get the 
results of [TT] with shorter proofs. 

Now, we explain how the paper is organized. We start our exposition with 
the one dimensional setting. Extension to dimension bigger than one is in 
Section [HI After the basic results presented in Sections [5] and |31 we shall analyze 
uniqueness in law in Section [T] the absolute continuity in Section [5] and the 
equivalence of the laws in Section [51 In Section |7| our results will be compared 
with those in [TJ . In the final section the novelty of our results will be discussed, 
also in the infinite dimensional setting. 

2 Preliminaries 

We set our problem as in the book of Liptser and Shiryaev [TT], that is in a 
setting more general than (|l.ip - ()1.2p . 

Let (r2,F,P) be a probability space and {F(}t>o a filtration. We will always 
assume that the probability space is complete and the filtration is right contin- 
uous. We denote by E the expectation with respect to the measure P, and by 
¥t{X) the cr-algebra generated by {X{u),0< u < T). 

When dealing with a Polish space, i.e. a complete separable metric space, 
the tJ-algebra associated is the Borel cr-algebra. In particular, for < i < T let 
Bt be the cr-algebra of Borelian subsets of C([0, i]; R). We say that a measurable 
functional 4> '■ [0,^] x C([0,r];R) ^ M is non anticipative if, for each t e [0,T], 
(j){t, •) is St-measurable. 

The two equations to deal with are 

dX{t) = b{t,X) dt + <7{t,X) dW{t); X{0):^x (2.1) 

dZ{t)^a{t,Z) dt + a{t,Z) dW{t); Z{0) ^ x (2.2) 

Here, a, b and a are non anticipative measurable functionals. ly is a Wiener 
process with respect to the stochastic basis (^,F, {Ft},P). 

We need to recall what is a weak or strong solution. We consider processes 
X with a.e. path in C([0,T];R), which are adapted to the filtration {¥t}t>o 
and solve equation (|2.1I) a.s.: 

X{t)^x+ I b{s,X) ds+ I a{s,X) dW{s) P-a.s. (2.3) 



for every i e [0,T]. It is necessary that 

P{/(f \b{s,X)\ds < 00} = ¥{J^a{s,Xfds < 00} = 1. 

For simplicity, we fix the initial data x G M; however, our results can be extended 
to cover the case of random initial data. 

Definition 2.1 (weak solution) We say that there exists a weak solution to 
equation (|2.ip if there exist a stochastic basis {ft,¥,{¥t}t>Q,P), an {¥t}-Wiener 
process W and an {¥t}-adapted process X defined in it such that X solves 
equation (I2.ip P-a.s. 
We denote this solution by the triplet (X, (rj,F, {Ft},P), W) . 

On the other hand, if X solves (|2.1|) on a (a priori) given stochastic basis 
(ri,F, {Ff}t>o,P) with a given Wiener process W, we have a strong solution. 
Therefore the Wiener process and the filtration are not part of the solution 
itself but are assigned. 

Definition 2.2 (strong solution) We say that there exists a strong solution 
to equation (j2.ip if given any stochastic basis {Q, F, {Ft}t>o, P) and {¥t}-Wiener 
process W, there exists an {¥t}-adapted process X such that X solves equation 
KT\ P-a.s. 

Moreover, we have two kinds of uniqueness. 

Definition 2.3 (uniqueness in law) We say that uniqueness in law holds for 
equation (|2.ip if any two processes solving equation (|2.ip with the same initial 
data have the same law. 

Definition 2.4 (pathwise uniqueness) We say that pathwise uniqueness 
holds for equation (|2.ip if given two processes X and X' solving equation (|2.ip 
with the same initial data and defined with respect to the same stochastic basis 
{fl, F, {Ft}t>o, P) and Wiener process, we have P{X{t) = X'{t) for all t} = l. 

In the following we shall assume that equation (|2.2p has a unique strong 
solution; uniqueness has to be understood as pathwise uniqueness. But, a re- 
sult of Cherny (see pi) says that uniqueness in law, together with the strong 
existence, guarantees the pathwise uniqueness. Hence, we could simply assume 
existence of a strong solution and uniqueness in law. 

On the other hand, from now on saying uniqueness of a weak solution we will 
mean uniqueness in law, unless otherwise specified. 

Therefore, the coefficients a and a are required to satisfy the usual growth 



and Lipschitz conditions (see, e.g., [TT), that is 

3 constants Li, L2 and a function K non decreasing and right continuous, 
with < K{s) < 1, such that 



[Al] 



ait, y)2 + ait, r)2 < L, /p [1 + Yis)^]dKis) + L2[l + Yitf] 

Vie [o,r],reC([o,T];R) 

and 

\ait,Yi) - ait,Y2)\^ + \ait,Yi) - ait,Y2)\^ 

< Li /„* \Y,is) Y^is^dKis) + L2\Y,it) F^WP 

yt e [0,T],Yi,Y2 e Ci[0,T];R) 



Moreover, the coefficients a, b and cr are such that 

[A2 



3 a measurable functional 7 which is non anticipative finite and such that 

ct(s, r)7(s, Y) = bis, Y) - ais, Y) Vs e [0, T], F G C([0, T];R). 



Few technical details: from now on, we consider only finite time intervals 
[0, r]. Then, the law of a process solving equation (|2.1|) or (|2.2p is a probability 
measure on Bt- Moreover, if there is uniqueness in law for an equation with drift 
term a we denote by /i° this unique law (unless otherwise stated). If a measure 
vi is absolutely continuous with respect to a measure 1^2 we write vi -< V2', if 
they are equivalent, i.e. ui ^ 1/2 and 1^2 ^ vi, we write ui '^ 1^2- 

3 An easy case 

In this section, we prove a result of equivalence of laws for equations ()2.2p and 
(12. 1|) but in the particular case of 6 = a + g with a strong assumption on a 
and g. The proof is based on classical tools of Girsanov transform and Novikov 
condition. 

Instead of equation (12.11) , let us consider 



dYit)^ait,Y) dt + git,Y) dt +ait,Y) dWit), r(0) = a;, (3.1) 

where g is a non anticipative measurable functional. Moreover, we assume that 
there exists a finite and non anticipative measurable functional a such that 

ais,Y)ais,Y) ^ gis,Y) (3.2) 

for each s e [0,T] and Y e C([0,r];R). 



Remark 3.1 Relationship ()3.2p is a compatibility condition; it means that when 
a vanishes, also g must vanish. In this case, a may be chosen arbitrarily in order 
to satisfy (|3.2p . But, as we shall see, in the Girsanov transform a takes into 
account the change of drift between equations p.ip and (12. 2p . Therefore we are 
interested only in the solution a of (j3.2p which vanishes when g — 0, i.e. when 
the two drift terms are the same. Hence, from now on we consider 

ais,Y)=a+is,Y)gis,Y) (3.3) 



where 

We have the following result. 

Theorem 3.2 Assume there exists a unique weak solution (Z, (r2,F, {Ft},P), W) 
to equation (|2.2p . // 

sup / a{s, X)^ds = c < oo, (3-4) 

XeC([0,T];R) Jo 

i/ien equation (|3.ip /las a weafc solution, which is unique in law. Moreover, the 
law of the process Z is equivalent to the law of the process solving (j3.ll) , that is 
H°- n^ fi'^+9 _ Jyi particular 



dfi''^ 



'-^{Z)=eUo ais,Z)dW{s)-y^ a(s,Z)2ds|]p^^^J ^35^ 



d/i" 



Proof. Because of (13.41) we have that 



1 fT 
e2 



J^a{s,Z)'ds 



< e2 < 00. 



This is Novikov condition, which allows to apply Girsanov transform. More 
precisely (see [8J), Novikov condition makes sure that the process 6 defined by 

5t = e-fo "(*' Z)dW{s) - \ /o a(s, Zfds^ 0<t<T, 

is a martingale. To highlight the dependence on Z and W we will often write 
St as 6t{Z,W). We define a new probability measure on {V,,J^t) by dP* = 
6t{Z, W)dF. Then Girsanov theorem (see [6]) tells us that 

W*{t) = W{t)- I a{s,Z) ds , te[0,T], 
Jo 

is a Wiener process with respect to (J7,F, {Ft},P*); substituting into equation 
(1^ we get 



Z{t) = x+ a{s, Z) ds+ / g{s, Z) ds + a 
Jo Jo Jo 



{s,Z)dW*{s). 

This means that (Z, {Q, F, {FJ, P*), W*) is a weak solution of equation (jXTj) . 

For any Borclian subset A of C([0,T];R), set /;y(A) = P*{Z e A} and 

^"(A) = V{Z e A}. Then /ly -< /^°, since P* ^ P by construction. Moreover, 

consider the random variable E[(5t(2', VF)|Ft(2')]; it is FT(^)-measurable and 



therefore there exists a ST-measurable non negative function D : C([0, T"]; R) — >■ 
K such that D{Z{uj)) = 'E[5t{Z,W)\¥t{Z)]{u) for P-a.e. lo. Now, we have 

/:y(A) =P*{Ze A} = I 5T{Z,W)dF= I ¥.[5t[Z,W)\¥t{Z)\ dV 
{zeA} {zeA} 

D{Z) d¥^ I D{z) dfi"{z) (3.6) 



{ZGA} 

Hence 

^{Z) = D{Z) ioTZeC{[0,T];R). 

This proves (j3.5p . as soon as we have uniqueness in law for equation (j3.ll) . 

Viceversa, any weak solution (F, (J7,F, {Ff},P), W^) of equation p.ip gives 
rise to a weak solution (Y, (fi, F, {Ft}, F*),W*) of equation (|2.2p . with a similar 
expression of the Radon-Nikodym derivative (only a change of sign appears). 
Indeed, thanks to p.4p 

St{Y, W) = e~ -fo "(*' Y)dW{s) - \ /J a(s, y)2ds ^3 .,^ 

is a martingale; define rfP* = (5T(l",T^)dP and M^*(i) = T^(t) + /^ a(s,r) ds. 
Then, H^* is a Wiener process with respect to F* and 



/i"(A) ^ F*{r e A} = / 5t(>^, W) dF. (3.8) 

{reA} 
Now, suppose there exist two different weak solutions of equation p.ip : 

(r„(fi„F„{F,J,F,),VK,) i = l,2. 
We have that dF* = (5t(Fj, Wi)dPj; moreover, 

,5t(r,,Wi) ^e^/o"(«'^«)rfW^^(s)- 5/oa(s,ri)^cfs 

^ g- ll a(s, r.)dW,*(s) + i ll ais, Y^fds ^. 1 

Again (1331) provides that ^^(Fi, W^*) is well defined. Then, dP, = ^j,(y,, Wi*)dF*. 
Now, uniqueness in law for the solution of equation p.2p means that the joint 
distribution of (Yi, W^) is the same as of (^2, W^) (see g] Th. 3.1). Then, we 
get 

Pi(rieA)= / 5j,(yi,Ty*)ImeA}dPt 

^^(1^2, iy2*)I{y,eA}dP; = ^2(^2 e A) 



for any Borelian subset A of C([0, T]; R); here I. is the indicator function. Thus, 
we have uniqueness in law for equation p.ip . □ 



Remark 3.3 i) The expression (|3.5I) can he written as 

^t^(Z) =E\eIo «(^' Z)dWis) ijp^.^.l ^-1 J^ a{s, Zfds^ 
dji'^ I ' J 

The same holds for other similar expressions of Radon- Nikodym, derivatives ap- 
pearing later on. 

ii) Consider the assumptions of Theorem \3.2[ Then, given a weak solution 
(Y,{tl,¥,{¥t},f'),W) of equation p.ip . from (|3.8p in the previous proof we 
have 



-T-—iY)='^ 



3-/0 Ocks.y)dW{s)-\l^ a{s,YfdsU^^^y^ ^gg^ 



4 Uniqueness in law 

According to Remark 13.11 if [A2] holds true we set 

7(s,r) = a+(s,r)[6(s,y)-a(s,r)]. 

We have the foUowing 

Proposition 4.1 Assume [Al] and [A2]. 

Ifthereexisttwo weak solutions {X,{n,¥,{¥t},P), W) and (X' ,{n' ,¥' ,{¥'t},¥'), W) 

to equation ()2.ip . with the same initial data x, such that 



F{J^ 7(s, X)^ds < 00} == P'{J^ 7(s, X')^ds < 00} = 1, (4.1) 

then the laws of X and X' are the same. 

Proof. Consider the first solution {X,{n,¥,{¥t},P), W). According to [Al] 
there exists a solution Z of equation (J2.2I) with respect to the stochastic basis 
(fi,F, {F(},P) and the Wiener process W. For any integer n > 1, define the 
truncation function 



We have that 



I otherwise. 



sup / xl\Z)-f{s,Zfds<n. 

We use Theorem [O with g{s, Y) = x?(^)[&(s, Y) - «(«, Y)] in order to get that 
the new equation 



Y{t)=x+ f a{s,Y)ds+ f x:(Y)[b{s,Y)-ais,Y)] 
Jo Jo 



ds 



t 
a{s,Y)dW{s) (4.2) 




has a unique weak solution. For short, we denote its law by /i'''" and we have 
^h,n ^ ;i°, with ^''■"(A) = P*"{Z G A}, dP*" = p'l},{Z, W)dP, and the martingale 

p" = p"(Z, W) defined by pj' = e/o X"(^)7(^, ^)dH^(^) " ^ /o X?(^)7(«, ^)^d«. 
In particular, 

E[pl\Z, W)] = E[pJ,'(Z, VK)] = 1 for all i, 

and 

V'" ,^^ _ ^ r„ fJ y?m7f.s, Z)dW(s) - i rj Y"(Z)7(s, Z?ds, 



dp" 



■{Z) = E[e/o x'liZhis, Z)dWis) - i /^ x?(^)7(s, ^)'rfs|F^(Z)] (4.3) 



F-a.s.. 

This holds for any n integer. Therefore we have uniquely defined the sequence 

{/■"}5f=i- 

On the other hand, we can define a process solving equation (j4.2p with the 

Wiener process W. Let us define the sequence of stopping times (depending on 

the process X) 

r"-inf{te[0,r]:xr(X)=0}Ar 

considering the infimum to be +cxi when the set is empty. 

Given any n, (O, F, {Ft}, P) and W, if {X, (Q, F, {FJ, P), W) is a weak solution 

to equation (j2.ip then equation 

X"(t)=A:(iAr") 

+ / [1 ~ xliXMs, X") ds+ f [I- x':{X)]ais, X") dWis) (4.4) 



has a unique strong solution X", thanks to assumption [Al]. Moreover, by Ito 
calculus we get that this process X" solves (|4.2I) . Hence, /i'''" coincides with 
the law of AT". From (|4.4p we have (P-a.s) 

^„.^^ f^W on {r">t} 

^ ' \x{t''') + J*„ a{s,X'')ds + J*„ a{s,X'^)dWs on {r" < t} 

In particular, X = X" on the set {r" = T} D {xt(-^) = !}• According to dUI]) 
we have lim P{xJ(X) = 0} = 0. Hence 

n— >-oo 

P{||X - X"||c([o,T];R) > 0} < nXriX) = 0} ^ as n ^ ex.. 

Therefore, /j,'''" converges to the law of X in the metric of total variation. 

If we start from another solution (X', (17',F', {F'J.P'), W) fulfilling (liUl . 
we would consider the solution (Z', (f]',F', {F;},P'), W) to equation f^ . 
giving the same /i'''". Indeed, there is uniqueness in law for both equations 
(|2.2p and (|3.ip . Hence, /i^'" converges to the law of X'. Since the limit of /i'''" 
is unique, we conclude that the laws of X and X' are the same. □ 



Remark 4.2 Given a weak solution (^X,{Vt,¥,{¥t},F), W) of equation (|2.ip . 
it is easier to construct a solution (X", (r2,F, {Ff},P), W) of equation (|4.2I) 
when the noise is independent of the unknown, i.e. a{t,X) — o{t). Indeed, we 
look for a process solving 

X"(i)=.T+/ a{s,X'')ds+f x"s{X'')[h{s,T')~a(s,X'')]ds+[ a(.s)dW(.s). 
Jo Jo Jo 

Notice that, given a path X^, this equation reduces to equation (j2.ip if X^i^Z) — 
1 and to equation ^^ if X^^iX^) = 0- 

Now, we construct pathwise the solution process. ForP-a.e. lj, set X^(t) = 
Xcoit) for <t < t"(w). In particular, x""((^)(-'^") — ^.''^d, whatever is X^{t) 
for t > T"(aj) we will have Xt'i-^") = /^^ t > t"(w). Therefore the evolution 
of (J4.2I) on the time interval ]t"'{uj),T] is given by equation (j2.2p . Summing 
up, we have that a solution of equation (|4.2p with the Wiener process W is the 
process defined pathwise as follows: 

\V""(x(T"),PF)(t), ie]T",r] 

where "0*" (y, W) denotes the solution of equation (j2.2p (with the Wiener process 
W) on the time interval [t^^T] and with initial data Z{to) = y: 

V'*°(2/,M/)(i) =J/+ f a{s,'il;^'>{y,W)) ds+ f a{s) dW{s) 

Jto Jto 

We point out that in this case is enough to assume that equation (|2.2p has 
a unique strong solution on any time interval [to,T] C [0,T] and that the 
mapping [0,T] x R x Co([0,r];R) 3 {s,y,W) ^ iJj''{y,W) € C([s,r];R) is 
measurable. Actually for fixed initial time, this mapping is already knoivn to 
have nice properties (see, e.g., (Ti Ch. 4 for the properties of the mapping 
•0 : R X Co([0,r];R) — > C([0,T];R) providing a strong solution on the time 
interval [0, T]). 

An easy example fulfilling these requirements is for the linear equation, i.e. 
the drift term is a{t, Z) — c{t)Z{t) with c, cr.'[0, T] — >■ R measurable and bounded. 
Indeed, we have 

pt 

0"(2/,M/)(i) =e/X")''"2/+ / e/>W''V(u)dT/F(M), te[s,T]. (4.5) 



5 Absolute continuity of //^ with respect to //" 



We consider equations (12.11) and (12. 2p with the same initial data x e R. We have 
the following result. The assumptions are the same as for the uniqueness result 
of the previous section; therefore we denote by jJ' the unique law for equation 

(EH. 

Let us denote by Xt{Z) the indicator function of the set {/p 7(5, Z)^ds < 00}. 



Proposition 5.1 Assume [Al] and [A2]. 

If there exists a weak solution (X, (J7,F, {Ft},P), W) to equation (|2.ip such 

that 

F{J^ 7(s, Xfds < 00} = 1, gU) 

i/ien /x'' ^ /i". Moreover, 
w/iere 



It(^) 



P- lim xAZ) f x':{Zh{s,Z)dW{s). (5.2) 

Proof. Going back to the proof of Proposition 14. 1[ we have that /x^'" -< /x" 
and WfJ'"'"' — fi^Wvar -^ 0. Then, if /i"(A) = for some Borehan subset A of 
C([0,r];M), then /'"(A) = and finally /(A) = 0. This proves / -< fi". 

Moreover, ||/x'''" - n''\\var -> implies that fi^-"- (equivalently, P*") is a 
Cauchy sequence in the metric of total variation. Since ||P*" — P*™||i,ar = 
ll^^jp ''j Hli(p)i this is the same as saying that 

^^ = nr^(ZW)^ elo xUZMs, Z)dWis) ~ i /J xUZMs, Zfds 
dF ^^ ' ' 

is a Cauchy sequence in the metric of i^(P). Therefore p^{Z, W) converges in 
the norm of L^(P) to some limit, which is denoted by pt{Z,W). We want to 
identify priZ^W). 

Notice that if /„ '~f{s,Z)'^ds < cx) P-a.s., then the stochastic integral in the 
exponent of p^{Z,W) would converge in probability to /p -f{s,Z)dW{s) (see 

[TT] . Section 4.2.6) and the deterministic integral to /p j{s, Z)'^ds. Otherwise, 
we proceed following the argument given in [11, (Section 4.2.9), but with some 
modification. The random variable 

T^{Z) -.^ Xt{Z) ! x:{Z)l{s,Z)dW{s) 



converges in probability. Indeed, xt{Z) J^ \x^{Z)'-f{s, Z) — 7(5, Z)pds con- 
verges to P-a.s.; hence there is convergence in probability. Therefore, by 
Lemma 4.6 of [11], X^{Z) (n = 1, 2, . . .) is a Cauchy sequence in probability. It 
follows that it converges in probability to a random variabile, which we denote 
hylT{Z). 

First, we have 

XT{Z)pr = Xt{Z) P ~ lim Jo xUZh{s, Z)dW{s) - \ S^ x^iZ^s, Zfds 



= P-limxT(^)e/o Xl{Z)l{s,Z)dW{s)-\l^ x"s{Z)l{s.Z) 



^ds 



t-T 



XT(^)e'-''""'^^(^)^o x'l{Z)l{s,Z)dW{s) - \xt{Z) !^ r,{Z)^{s,Zfds] 
XT{Z)e^^(^'^~Uo^('^Z)'ds p_^^^^ 
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This means that 

Pt{Z, W) = e^^(^) - 5 /o^ 7(5, Zfds (5 3) 

a.s. on the set {xt{Z) = 1}. 

Now let us check that (|5.3p holds a.s. also on the set {xt{Z) = 0}, or 
equivalently a.s. on the set {J„ j{s,Z)'^ds = cx)}. We analyze the left and 
right hand side of equality (|5.3p . The r.h.s. of (15.31) vanishes a.s. on the set 
{/q 7(s,Z)^ds — 00}. Indeed, by definition I^{Z) — a.s. on {xt{Z) = 0} 
and therefore It{Z) = a.s. on {xt{Z) = 0}. 

On the other hand, the l.h.s. of (|5.3p vanishes a.s. on the set {J„ ^{s, Z)^ds — cx)}. 
Indeed, on this set 

p-AZ, W) = elo xliZhis, Z)dW{s) - \n ^ p „ ^^^^ 
Therefore 

/o?.(Z,VF) <e-T P-a.s. 

on {/,^ 7(s, Z)2ds - c^} n {/o^ x'^siZhis. Z)dW{s) < f }. (5.4) 



Using Chebyshev inequality we get 



pT „,r^, , r^. ,„,, . . „. i^n rT 



1, 



n/o X?(^)7(s,^)dW^(s) > f} = -P{|/; x'l{Z)^{s,Z)dW{s)\ > f} 

^ 1 E[£x^^Z)7(s^Z)2ds] ^^^^ 



2 (n/4)2 

1 n 

- oTTTvJ — ^ as n ^ CX3. 

2 (n/4)2 

Let x^'" be the indicator function of the set {J^ x'i{Zh{s,Z)dW{s) < f }. 
According to (|5.5p we have that 

lim P{x^'" = 0} = 0. (5.6) 

n— ^-oo 

We investigate the convergence of p^{Z,W) on the set {xt{Z) — 0}: for any 
e > we have 

nPT{Z,W)[l-XT{Z)]>e} 
= nPT{Z,W)>e, xt{Z)^Q} 
= nPriZ, W) > e, xAZ) = 0, x'^'" - 0} + P{pJ(Z, W) > e, xt(^) = 0, x'^'" = 1} 

< P{x^'" = 0} + P{e-t > £, ^^(^z) = 0, x'^'" = 1} bvdOl) 

< Plx*^'" == 0} + P{e~t > e} — ^ as n -^ 00 by dSJ 



This implies that pt{Z,W)[1 — Xt{Z)] = a.s.; hence, pt{Z,W) = a.s. on 
the set {xt{Z) = 0}. 
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We conclude that 

PT(^,W^)=e^^(^)-Uo^7(s,^)'d5 p_ a.s. (5.7) 

Finally, denoting by P* the limit of P*", so that ^''(A) = V*{Z e A}, we 
have proved that ^pr = Pt{Z, W). As done in the proof of Theorem 13.21 we get 
((Ol) . □ 

6 Equivalence of the laws 

As noticed in the previous section, if P{/g 7(s, Zj'^ds < cx)} = 1, then 

MZ)^ f ji.s,Z)dWis) (6.1) 



dP* 
and therefore -7— — pt{Z, W), where 

Pt{Z, W) = e/o 7(^' ^)dW{s) - i /„* 7(s, Zfds 

is a strictly positive martingale. 

From this, we have a result on how to use Girsanov transform under very 
weak assumptions (basically, avoiding Novikov condition or similar conditions 
involving the expectation of the exponential of a random variable related to the 
integral of 7(s,Z); see [13], [9], [10]). 

Theorem 6.1 Assume [Al], [A2] and that equation ()2.1|) has a weak solution 
(X, (0,F, {F(}, P), VF) . Denote by Z the unique solution of equation (|2.2p with 
respect to the same stochastic basis and Wiener process. 

If 

P{/(f 7(s,X)2ds<cx)} = l, (6.2) 

nlolis,Z)^ds<c^} = l, (6.3) 

then 

i) the process p — p{Z, W) given by 

pt = e/o 7(5' Z)dW{s) - i /„* 7(s, Z)^ds^ 0<t<T, (6.4) 

is a positive {¥t}-martingale; in particular 

E[pt{Z,W)]::=l for anyte[0,T]. (6.5) 

ii) 

W*{t) = W{t)~ j -i{s,Z)ds , ie[0,T], (6.6) 

Jo 

is a Wiener process with respect to ¥* , where the probability measure P* is 

defined on (51, F^) by 

dF* ^ Pt{Z,W) dP. (6.7) 
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Proof, i) Notice that the exponential process p{Z, W) is a positive local mar- 
tingale and then, by Fatou lemma, a supermartingale. Since po{Z, W) = 1, it is 
enough to have E[pt{Z, W)] = 1 in order to prove that it is a martingale. But, 
Pt{Z^ W) is the L^(P)-limit of p^rj^{Z, W); since we already know from the proof 
of Proposition 14. II that 

E[p^{Z,W)] = 1 for any n = 1,2,... 



we get that E[pt(^, W)] ^ 1. 

ii) Given j), this is Girsanov theorem (see, e.g., [B]) 

Now we state our main result. 



D 



Theorem 6.2 Assume [Al], [A2] and that equation (|2.ip has a weak solution 
(X, (r2,F, {F4},P), W). Denote by Z the unique solution of equation (j2.2p with 
respect to the same stochastic basis and Wiener process. 

If (|6.2p - (j6.3p hold, then the law of the solution of equation (|2.1I) is unique. 
Moreover, p!^ ^ p"" . In particular. 



^{Z) = E [e-^o''7(--,Z)dH'(s) + i/„^7(«,Z)^rfs|jp^^^y 

where P* , W* are defined by (j6.7p , (j6.6p respectively. 



(6.8) 

(6.9) 

(6.10) 

(6.11) 



Proof. Uniqueness in law comes from Proposition |4?1] /if, -< pa from Proposi- 
tion Ej] and ((O)) from ((^ . ((0|) with the assumption (lO)) . 

Moreover, ^^ implies that P{/9t(^, W) ^ 0} ^ 0. Then P ^ P* with 



If* 



1 



Pt(^,W^)^ 



a.s. 



(see Lemma 6.8 in 11 ). From P -< P* follows p°- -< p^ . 

As done in the proof of Theorem[321 from ^ = {pt{Z, W)) ~^ we get ([O 
Moreover, using (|6.6p we get 



dP* 



= „-/o^7(s.2)<iVl/(s) + i/o^7('5,2)'<is ^ -/„^7(S:2)dW(5)-i/„^7('*,2)'ds. 



in the same way, this gives ()6.10p . In particular. 



E* 



1 l-T , 



j,^j{s,z)dw*(s)^y^;^{s,z)^ds 



(6.12) 
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This is written for the solution (Z, (rj,F, {Ft},P*), W*) of equation (HH]). Since 
there is uniqueness in law for equation (j2.ip , if we consider the same relationship 
for the solution (X, (fi,F, {FJ,?), W) we get 



E e 



1 rT . 



J,'jis,X)dW{s)^y^'j{s,X)^ds 



1. 



(6.13) 



Now, let us start from equation (|2.ip and consider equation (|2.2p as a modi- 
fication of equation (12.11) by a change of drift. Thanks to (|6.13l) . we can use 
Girsanov theorem. Similarly to what we have done in Theorcm l3.2l and Remark 
ii), we get ([6lT|) . □ 



7 Conclusions 

We compare our results with whose of Liptser and Shiryaev. Let us begin 
reminding a result of [IT]: there Theorem 7.18 states that if we assume [Al], 
[A2]. that equation ((2T|) has a weak solution (X, {n,¥,{¥t},¥), W) satisfying 
([Q]) and 

- /,^ 7(s, X)dW{s) - i J^ 7(s, X)^ds] ^ . 



(7.1) 



then fJ' ^ fi'^ and 



di? 



^w- 



J^ 7(5, X)dWis) - i /„^ 7(5, ^)'rf5 |jp^(^^ 



The crucial issue is how to get (|7.ip without assuming the quite strong Novikov 
condition (see |13) ) 

ri/;7(5,^)^rf.si 



E 



< oo 



or other conditions involving the expectation of the exponential of a random 
variable related to the integral of 'y{s,X) (see 0, [IH])- This is done in our 
Theorem lOl with the "P-a.s." conditions (jOjl - llO)) . 

However, Liptser and Shiryaev present another result, more operative than 
Theorem 7.18. This is Theorem 7.19 of [TT providing /i'' ^ /i° with the same 
assumptions of Theorem 7.18 except ()7.ip . which is replaced by 



P{J^^a{s,Xfds < oo} -P{/„^76(s,X)2ds < oo} 



1, 



F{J^-fais,Z)^ds < (x}=P{J^jbis,Z)^ds < (»} - 1, 



7,(s, X) = a+{s, X)a{s, X), jb{s, X) = a+(s, X)b{s, X). 



(7.2) 
(7.3) 



where 



Because of 7 = 7;, — 7a, assumptions (|7.2l) - (|7.3p are stronger than (|6.2p - (l6.3p . 

Therefore, we can see our Theorem 16.21 as an intermediate result between 
the two theorems of [TT]. We have the same result as Theorem 7.18, but saying 
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concretely how to get (|7.ip with "P-a.s." conditions. This is in the same spirit as 
Theorem 7.19. However, our conditions (|6.2|) - (I6.3[) involve only the difference 
6 — a of the drift terms, whereas conditions (|7.2p - (|7.3l) involve both the drift 
terms b and a. 

We point out that our results on the absolute continuity of the laws are 
identical to [TT], but the expressions of the Radon- Nikodym derivatives are 
different from those of Liptser and Shiryaev. In fact, under (|7.2l) - (|7.3p Theorem 
7.19 gives 

— (Z) := e^o^ a+is.Zf[bis,Z)-ais^Z)] dZ(s)-i f^ a+ is.Zf[bis,Zf -ais,Zf] ds ^74^ 

and 

(7.5) 
(P-a.s.). Let us show that (17. 4p can be obtained from (16.81) : similarly, for (|7.5p 
from (|6.1ip . If this is true, then we conclude that with our proofs we get the 
same result as Liptser and Shiryaev. However, our proofs are different from [11] 
basically in one point: Liptser and Shiryaev analyze the equation satisfied by the 
Radon-Nikodym derivative, whereas we analyze the Radon-Nikodym derivative 
as the limit of the sequence ^^^jp. This makes our proofs shorter. 

Let us come back to the expression of the Radon-Nikodym derivative -^{Z). 

Now, we assume (|7.2p - ()7.3p : of course our results hold true. Therefore ^j^(Z) is 
given by (HH). From (12:2)) we have W depending on Z: dW{t) = <T+{t, Z)[dZ(t)- 
a{t,Z) dt\. Then 

^{s,Z)dW{s)-]^j -f{s,Zfds 
becomes (formally) 



/ 



T 1 i-T 



(T+(s, Zf[b[s, Z) - a{s, Z)]dZ{s) - - / cr+(s, Zf[b{s, Zf - a{s, Zf]ds. 

(7.6) 



2 ^g 



Since 



\a+{s,ZY[b{s,Z)-a{s,Z)]Ya{s,ZY ds< / 7(s,Z)^ds, 

"'0 

the stochastic integral in (|7.6p is well defined if (|6.3p holds, whereas the deter- 
ministic integral requires (j7.3p . Then, (17. 6p is in fact well defined with assump- 
tion (|7.3p and it depends only on Z and not also on W . From (|6.8p and (|7.6p . 
we get ([73) • 
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8 Bigger dimensions 

Let d,m G N with dm > 1. The solution processes X and Z have paths 
in C([0,T];M''), the initial data x d W'' and W is an rn-dimensional Wiener 
process. Any vector w is a column vector, whose transposed is the row vector 

v'^. We set ||X||2 = ^ti^»'- 

Let Bt be the cr-algebra of Borelian subsets of C([0, t];R"'), for < i < T. 
The drift terms a and b are R'^-valued non anticipative measurable functionals, 
that is 

a,b: [0,r] xC([0,T];R'^)^R'', 

are measurable and, for each t G [0,r], a{t,-),b{t,-) are Si-measurable. Simi- 
larly, the diffusion term a : [0, T] x C([0, T];R'^) -^ R'^ x R" is a non anticipative 
measurable functional; in particular {<7W)i = J2T=i ^ikWk for i = 1, . . . , d. The 
entries satisfy the previous conditions; the two main assumptions become 

3 constants Li,L2 and a function K non decreasing and right continuous, 
with < K{s) < 1, such that all the components a^, bik satisfy 

a,(i,y)2 + a,k{t,Yf < L, /J[l + \\Y {s)\\^]dK (s) + L^ll + ||r(i)|i2] 
[Al] ViG[0,r],reC([0,T];R<^) 

and 
\a^{t,Yi) - a,{t,Y2)\'' + \a,k{t,Yi) - a,k{t,Y2)\'' 

< Li /J \\Y,{s) Y,{s)rdK{s) + L,\\Y,{t) Y.m' 

Vte [0,T],Yi,Y2£C{[0,T];R^) 



37 finite and M™-valued non anticipative measurable functional: 
a(s, y)7(s, Y) ^ b{s, Y) - a{s, Y) Vs G [0, T] , F G C([0, T] ; R''). 



[A2] 
In Remark 14. 2 1 the solution mapping is 

[0,r] X R'^ X Co([0,T];R") 9 {s,y,W) ^ r{y,W) G C{[s,T];R'') 

and the linear equation in the example has solution still given by (14. 5p . where 
c : [0, T] -^ R'' X R'' is measurable and bounded. 

All the results of the previous sections hold true with the suitable change of 
notations. Mainly, 7^ becomes ||7||^ = X^fcLi 7fc and cr+ is the pseudo-inverse 
matrix of a (see, e.g., [T], |12|): a~^ is an tti x d- matrix, uniquely defined. 

However, let us investigate this multidimensional problem in details. As- 
sumption [A2] refers to the linear system of d equations in m unknowns 

a{s,Y)j{s,Y) ^ b{s,Y) ~ a{s,Y) (8.1) 

and is a consistency condition involving a and b — a (see, e.g., [I] for all the 
results on linear systems and matrices). Moreover, if a solution 7 exists and 
rank a — m then the solution of (j8.ip is unique and is given by 

7(s, Y) = a+{s, Y)[b{s, Y) - a{s, Y)]. (8.2) 
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In particular, if a has maximal rank we have 

a+ = a^(aa^)-i or a+ = [a^ay^a^. (8.3) 

(Notice that if the rank of a is maximal, then also the square matrices cra^ 
and a^ a have maximal rank and therefore are invertible.) And if the matrix a 
vanishes, then also a^ has all the entries equal to 0. 

Otherwise, there are infinite solutions of (|8.ip . one of them being given by (|8.2p . 
This is the case of dimensions d > m with rank of a not maximal (< m), or 
of dimensions m > d. To handle these cases, let us recall the singular value 
decomposition of the d x TTi-matrix a with ranker ~ r, r < min(d, m): 

a = a(i)«(i)(«(i))^ + A(2)^i(2)(^;(2))T + . . . + aW«M(«W)^, 

where A*-^' > A'-^' > • • • A^''^ > 0, {«'-*•' }[^i is an orthonormal set of d-dimensional 
vectors and {«*•*' }^=i is an orthonormal set of m-dimensional vectors. Moreover 

Then the d-dimensional vector <j{t,X)dW{t) can be written as 

X^^\t,X)u^^\t,X)v'^'\t,XfdWit) + ...+X^'-\t,X)u^'-\t,X)v^'-\t,XfdW{t). 
This means that 

a{t,X)dW{t) = a{t,x)dw^{t) 

with d-{t, X) the d x r-matrix and W''^ {t) the r- vector defined by 

a,,{t,X)^\^^Ht,X)u\'Ht,X), 

Jo f^^^Jo 

The matrix a{t, X) has maximal rank {— r), since the vectors u^^^ are orthogonal 
to each other. Moreover, W-^ is an r-dimensional Wiener process. Indeed, the 
components of this vectors are one dimensional independent Wiener processes, 
thanks to the fact that {u'^*^(s, X)}[^j^ is an orthonormal set of ?7i-dimensional 
vectors. 

Now, let us read equation ((TT|) with a{t, X)dW^{t) instead of cr(i, X)dW{t); 
similarly for equation (|2.2I) . Then, according to the previous considerations for 
the d X r-diffusion matrix a with r < d and maximal rank (= r), we get that 
the system 

dis,Y)%s,Y)^bis,Y)~ais,Yy, 

has at most one solution, given by 

j{s,Y) = a+{s,Yms,Y) - a{s,Y)] 

with (7+ = {d"^ a)~^ a'^ . Actually, a has r columns given by the vectors \^^'u^^> 
and fT+ has r rows given by the vectors {^j^-w'^')'^ . 
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A tedious but easy computation provides 



k+(&-«)ir = E 



,(■0^ 



(6 -a) 



A(* 



\\a+ib-a)\\ 



Since the latter quantity is uniquely defined, also the first is unique. Therefore 



2j„ _ / l|-,/„ T^Ml2, 



|l7(.s,r)|l^ds= / \\%s,Y)\\'ds foryeC([0,r];R''), 

^0 



where 



-f{s,Y) ^ <7+{s,Y)[b{s,Y) ~ a{s,Y)]. 
This expression of 7 provides the unique relevant solution of (j8.ip in the Gir- 



sanov transform, even when the solution of (|8.ip is not unique. In particular, 
we have 






(Z) =E 



dn 
a.s., when we assume 



^W-E 



,+ /„^ 7(-s, Z)dW^Gs) - i /„^ ||7(s, Z)f ds 



-/„^7(s,^)dm^)-^/o'll7(^,^)lPrf^ 



Ft(Z) 



Ft(X) 



nio ll7(s,X)|pds < 00} = 1, P{/„^ ||7(.s, Z)rds < (X)} = 1, 



instead of (lOI - fO)) . 

We therefore conclude that we get all our previous results, included the 
uniqueness result. Let us emphasize that the uniqueness question is not inves- 
tigated in [TT] for dm > 1 when equation (|8.ip has more than one solution. 
However, even if not stated, it appears clear from the results of [11] in the one 
dimensional case that there is uniqueness in law for equation ()2.ip . because of 
the uniqueness of 7 (see also the beginning of Section HJ . 



9 Applications 

Let us consider the case of 6 = a + /, that is we deal with 

dX{t) = a(t, X) dt + fit, X) dt + a{t, X) dW{t), 
dZ{t) = a{t, Z) dt + a{t, Z) dW{t), 



X{Q) = X 
Z{Q)^x 



To apply the results of [TT], besides [Al] and [A2] we have to check conditions 
on a and a + f, whereas our results require only a condition on /. Let us see 
how to use our results; first, in the one dimensional problem, then in the infinite 
dimensional one. 
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One dimensional stochastic differential equations 

We consider conditions involving the process X; of course, the same holds 
true for those involving Z. 

Our condition (|6.2I) becomes 

F{J^a+{t,X)y{t,Xf dt < cx)} = 1, (9.1) 

whereas (|7.2p becomes 

¥{J^<j+(t,Xf{a{t,X)^ + [a{t,X) + f{t,X)]^) df < 00} = 1, (9.2) 

that is 

V{J^a+{t,X)^a{t,X)^ dt < (»} 



/; a+it,Xn2a{t,X)f{t,X) + fit,X)^] dt < ^}. 

If a/ > this is equivalent to 

¥{J^ a+it,X)^ait,X)^ dt < 00} ^ F{J^ a+{t, X)^ fit, X)^ dt < 00} ^ 1, 

(9.3) 
In general, the latter implies (|9.2p . 

This condition (|9.3p is stronger than (19. ip . unless a is constant. In fact, if a 
is a constant ^ 0, then P{/q cr"'"(i,X)^a(i,X)^ dt < 00} = 1 becomes 

P{/(f a(t, X)2 dt < cx)} = 1 (9.4) 

which is trivially fulfilled thanks to the growth condition on a included in [Al]. 
Then we only have to check if 



„ /(i,^)'di<^} = l, 

that is (|9.ip and (|9.3p are equivalent. 

Otherwise, for general a, condition (|9.3p is stronger than our condition (|9.ip . 

Infinite dimensional stochastic differential equations 

To have weaker assumption is even more important in the infinite dimen- 
sional setting. In fact, even if a is constant, the conditions of Liptser and 
Shiryaev 

nS^ \\a+{s,X)a{s,X)r ds < ^} = I 
IP{/o^ lk+(s, ^)a(s, ^)IP ds < 00} = 1 

may be cumbersome (see next Remark 19. 3p . This is different from the finite 
dimensional framework. Indeed, the coefficients a and a are now operators in 
some infinite dimensional spaces. Our results allow to obtain uniqueness in law 
and absolute continuity of the laws getting rid of ()9.5p . 
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First, we fix tlie Hilbert spaces to work in and we make precise the norm 
to consider in (|9.5p . We are given separable Hilbert spaces E C Ei C H with 
continuous and dense embeddings. The space E will "replace" the state space 
R'^. We denote by || • \\h the norm in H and by h(-, ■)h the scalar product in 
H. 

For simplicity, let us consider the very simple but interesting case of constant 
diffusion and drift independent of the first variable t and linear in the second 
variable X. Equation (12.21) becomes 



dZ{t) = AZ{t) dt + VQ dW{t), Z(0) = X (9.6) 

where VF is a cylindrical Wiener process in H , defined on the probability space 
(ri,F, {Ft},P). This means that, if {ej}"^^ is a complete orthonormal system 
of H, then we represent W{t) = ^jl3j{t)ej with {(3j}J^i a sequence of i.i.d. 
one dimensional Wiener processes defined on (n,F, {Ft},P), . The operators A 
and Q are linear operators in H and x € E. Therefore equation (|9.6I) is a linear 
stochastic equation; this is the simplest infinite dimensional equation to deal 
with, for which it is easy to get existence and uniqueness of solutions and of 
invariant measures (see, e.g., [3], [1]). More general equations can be deal with 
in a similar way; but (j9.6p allows us already to cover interesting examples. 
Instead of (12. ip . consider the semilinear stochastic equation 



[A31 



dX{t) = [AX{t) + F{X{t))] dt + VQdM^(t), X(0) = x (9.7) 

where F : E ^ Ei is measurable. 

According to Remark |4.2[ we assume 

for any initial data x Cz E and on any time interval [tg, T] C [0, T] 
equation (j9.6p has a unique strong solution Z, whose paths arc in 

C([to,r];S)a.s. 

General conditions on A and Q to get it, can be found, e.g., in [3|, whereas 

examples are in [3] and [5]. 

Moreover 

Ran{F) C Ran{y/Q) 

3 iVQr' 



[A4 
We set 



T(Y) = {^)-^F{Y) vr e E. 



Here is our result of uniqueness in law of Section |4l stated in the infinite 
dimensional setting. 

Proposition 9.1 Assume [A3] and [A4]. 

If there exist two weak solutions (X,{n,¥,{¥f},F), W) and {X',{n',¥' ,{¥'t},F'), W) 
to equation (j9.7p with the same initial data x £ E and with paths in C([0, T]; E) 
V-a.s., such that 

P{/„^ \\T{X{s))rHds < oo} ^ r{/„^ \\T{X'{s))rHds < oo} = 1, (9.8) 

then the laws of X and X' are the same. 
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For the equivalence of the laws we have 

Theorem 9.2 Assume [A3] and [A4]. 

Given x G E, if there exists a weak solution (X, (il, F, {Ff}, P), VF) to equation 

(|9.7p with paths in C{[Q,T];E) P-a.s., and satisfying 



ns^\\v{x{s))\\ids<^)^i, 

then there is uniqueness in law for equation (J9.7I) and /i ^^ -< ji . Further, if 
the strong solution (Z, (J7,F, {Ft},P), W^ to equation (|9.6p satisfies 

n!^\\T{z{s))rHds<^}^i, 

then ^ '^^ ^ /I ; in particular 

'^^'^^\ z)-Y.\c+ ^^H{T{Z{s)),dW{s))H-UlmZ{s)\\Us\^^^.. 
dn^ I ' 

A^^X) =E\e- IoH{nX{s)),dW{s))H - UoWnX isWnds^^^^^^ 

F-a.s. 

Remark 9.3 Conditions ()9.5p become 

nio\\iVQr'Axis)rHds<^} = i 
nio\\iVQr'Azis)\\ids<oo}^i. 

We point out that they are not satisfied in the example of Section 4 in 0^. 

We conclude analyzing a consequence of the equivalence of the laws. If 
^"^+^ ^ //'^j then for any fixed t £ [0,T] the law of X{t) is equivalent to the law 
of Z{t). If we know properties of the law of Z{t), then they hold a.s. also for 
X{t). Usually, properties of the solutions of the linear equation (|9.6p are easier 
to obtain than for the non linear equation (I9.7P . The Girsanov transform allows 
to link these results. An important application is in the study of the asymptotic 
behaviour, as i — > oo, of equation ()9.7p in an infinite dimensional space (see, 
e.g., [4] for the general theory and examples, and [5] for examples) when our 
results hold on any finite time interval [0,T], that is for any T > 0. 
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